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In a theoret ical  study of turbulent burning it is usually assumed that the average rate of the 
chemical  react ion (heat release)  is determined only by the average tempera ture .  Ya. B. 
Zel 'dovich [1] and la te r  T. Karman [2] noted the necessi ty  of taking into account the effect 
of tempera ture  pulsations on the react ion rate~ A quantitative es t imate  of this effect on the 
react ion rate constant is given in [3]. A cr i t ica l  analysis of var ious approaches to the theo-  
re t ical  study of turbulent f lames is given in the reviews [4, 5]. In the present  ar t ic le ,  it is 
shown that, taking the pulsation component of the tempera ture  and concentrat ion into ac-  
count, the average rate of the chemical  react ion depends on the gradient  of the mean tem- 
perature  and the scale of the turbulent pulsations. The case,  where a f i r s t - o r d e r  react ion 
takes place in the flame is studied in detail. Existence and uniqueness theorems which de- 
termine the l imits of the propagation of flames are proven. Quantitative rules for the prop- 
agation rate,  l imit ,  and s t ruc ture  of a turbulent flame front are analyzed with respec t  to 
the resul ts  of a numerica l  calculation of a ser ies  of variants .  Dimensional interpolation 
equations are presented for the total propagation rate of a flame. 

i. S t a t e m e n t  of t h e  Problem 

In a s tat is t ical  averaging approach to the descr ipt ion of a one-dimensioual  diffusion-thermal model of 
the propagation of a turbulent flame in the presence of a s imi lar i ty  in tempera ture  and concentrat ion (equal- 
ity of the total coefficients of heat and mass  t ransfer  of laminar  and turbulent f lames,  a0 + al = Do + D1) and 
ignoring thermal  expansion, we proceed f rom the equation 

with the conditions 

- , o ~  ~] <o> <~(o)> 

=--:.oo,<0> =00;~ = + ~ , < 0 >  = 0  

where ~(0) is the rea l  ra te  of the chemical  react ion 

(1.1) 

(1.2) 

(0), (~(0)>, ~, and wl are  the dimensionless average tempera ture ,  average chemical react ion rate ,  coordi-  
nate, and kinetic propagation rate of a turbulent flame, respect ively .  The connections between the dimen- 
sionless and dimensional values,  the scale of measurement ,  and the pa ramete r s  of the problem are  deter-  
mined by the equalities 

<0> = E (V+ -- <T>) x ~ = RT~ 

�9 HT+"- ' ~ = x--'~' g 

Tomsk. Translated f rom Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 3, pp. 65-76, May- 
June, 1972. Original ar t ic le  submitted October 21, 1971. 

�9 197.r Consultants Bureau, a division o f  Plenum Publishing Corporation, 227 [~'est iTth Street, Nero )/or~:, \'. }'. ]001]. 
No Dart of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, u ithout written permission o/' the publisher. [ 
copy of  this article is ~lvailable from the publisher for $15.00. 

317 



E 
x+ ---- [(a o + al) T+]'/' , ~+ ----- pl-nZo-1 exp --~7, ) 

\ + / 

0o= E(T§ I{T+2 , % = w 1 (a o + ai)-'/~,'/," (t .3) 

Here, T is the temperature, x is the Eulerian coordinate, a and D are the thermal conduction and dif- 
fusion coefficients, respectively, p is the density, z 0 is the preexponential factor, E is the activation energy, 
R is the gas constant, n is the order of the reaction, w is the propagation rate of the flame, and r+ is the 
characteristic time of the reaction. Parameters characterizing laminar and turbulent burning are denoted 

b y  the indices 0 and 1, respectively, while plus and minus are indices denoting values which characterize 
the reaction product and the original mixture. 

The left-hand part of the differential operator in Eq. (1.1) is obtained on the basis of Reynolds averag- 
ing. Averaging the right-hand part is particularly difficult because the function of the instantaneous chem- 
ical reaction rate (1.2) is essentially nonlinear. Several approaches are possible here. The most general 
approach consists in the expansion of (@((0) + 0')> in a Taylor series and the subsequent application of Rey- 
nolds rules 

tion. 

<r + 0% = <ao(<o>) + $(<o>)0' + 
+ ~I~$(<o>) o '= + . . . >  = ~(<o>) + ~l,~b(<o>) <o% + . . .  (1.4) 

Here,  and af terward dots denote differentiation with respec t  to 0, and a dash denotes turbulent pulsa- 

With some assumptions relat ive to the chief moments of the pulsations, summation se r ies  are ob-  
tained which considerably facilitate a theoret ical  analysis  of turbulent burning. The chief t e rms  of the ex- 
pansion (1.4) are  presented in [6]. Another approximating approach is the use of the s implest  rule of mean 
ar i thmetic  averaging 

2 <~(0)> = q)(<0) + ]/0-~) + qs(<0> - # d  r~) (1.5) 

The averaging (1.5) satisfies all the Reynolds rules. The averaging (1.5) was used in [3] for a zero- 
order  reaction.  In the general  case of Eq. (1.2), we have 

2(q)(0)) = ((0> + ]/-072)=exp -- t--~(<0>-b 1/~) l - - y ~ - - ~ - ~ 7 )  " (1.6) 

I npa r t i cu l a r ,  if {0 'm> 0 for  even m and (8 'm> = ( g ' ~ ) m  for odd m, then, for/~ = 0 averaging by 
means of (1.6) coincides with averaging by the ser ies  expansion method (1.4). 

The mean square pulsation component of the tempera ture  in Eq. (1.6) according to the theory of the 
mixing process  is expressed  through gradients of the averaged tempera ture  

where ll is the thermal  scale of the 
actual rate ,  depends not only on the 
sations F = l t / x + .  

The pa ramete r  F charac te r i zes  
suming that al = llCww ,2, where ~wS-Yis 

V-~- ~ = l~_+ d <0> - - -  E r  (1.7) , V 0  ' ~ =  ~ + ,  

pulsations. Thus, the mean chemical  react ion ra te ,  as opposed to the 
tempera ture ,  but on the gradient  and relative scale of the turbulent pul- 

the kinetic and hydrodynamic propert ies  of turbulent burning. As- 
the mean square pulsation component of the flux ra te ,  we obtain 

Y~oo 2 - -  It ~ + wo j 
(i .8) 

l o = a  o/wo, coo s = l , / 1 0 ,  l , = w o %  

Here,  co o is the dimensionless laminar  burning rate ,  l 0 is the thermal  width of the laminar  flame front, 
and l .  is the chemical  width of the flame front. For l a rge - sca le  turbulence with w~-~/w0 >> l o l l  1 , F is re -  
lated to the well-known paramete r s  of turbulent burning of K. I. Shchelkin [7] and Kovazhnii [8] 
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�9 ~ / ~+ = l~wo / l ,  V w "~, ~ / % = l~wo / t~ V - ~  -~ 

and in p a r t i c u l a r  

�9 i / T + = F  ~, T i / %  = ~)02F 2 

H e r e ,  "q = l l / w C ' ~ ' ~ i s  the t u r b u l e n t  m ix ing  t i m e ,  and T 0 =/0/w0 is  the t h e r m a l  r e l a x a t i o n  t ime  of  the l a m i n a r  
f l a m e .  

We s h a l l  e x a m i n e  the f i r s t - o r d e r  r e a c t i o n  in  d e t a i l  l a t e r .  Sh i f t ing  to a new v a r i a b l e  (for b r e v i t y ,  we 
s h a l l  d r o p  the a v e r a g i n g  s ign  and the i ndex  1) 

<0> du 
u =  Oo ' P = - -  d ~-~, 

we r e d u c e  the p r o b l e m  of  the p r o p a g a t i o n  r a t e  of  a f l a m e  to the b o u n d a r y  p r o b l e m  

d p / d u = O / p - -  o), O < u < l  

(i .9) 

P (0) = 0 ~,_ .~ i )  

p (l) = o (1.12) 

[--Oo(~+Fp)]§ O < u < 8  
2,!) = (u + Fp)  exp l --  ~ (u + Fp) Lt. - -  ~ (~ - -  Fp)] '  

O, ~ u ~ t  (1.13) 

B e c a u s e  ~ i s  even ,  the s i g n  of  the modu lus  p in Eqo (1.13) is  not w r i t t e n .  In the p h y s i c a l  s e n s e  of the 
p r o b l e m  

o ) ~ o ,  F ~ O ,  Oo>O, ct----~% = l - -  T_/  T+< t 

Since  Eq.  (1.10) i s  f i r s t  o r d e r ,  in  g e n e r a l ,  t h e r e  does  not  e x i s t  a s o l u t i o n  a t  once s a t i s f y i n g  the two 
cond i t i ons  (1.11) and (1.12) e x c e p t ,  p e r h a p s ,  fo r  a few v a l u e s  of  w. 

2 .  E x i s t e n c e  a n d  U n i q u e n e s s .  L i m i t s  o f  P r o p a g a t i o n  

The po in t  (0, 0) i s  a s i n g u l a r  s a d d l e  po in t  fo r  Eqo (1.10). Two so lu t i ons  e m e r g e  f r o m  it:  pl(u) and  
p~(u). The s l o p e s  of  the i n t e g r a l  c u r v e s  a t  the s i n g u l a r  poin t  a r e  the r o o t s  of  the equa t ion  

~ + o~, - -  1 = 0 (2.1) 

dp~(0) = Zi ea V__4_ _]_ 1 dp: (O) o) V #  du = - -  -U  + (o~ , du = ~'2 2 + 1 

P r o p o s i t i o n  1. Suppose  (0, u . )  i s  the r e g i o n  of a noncont inuous  s o l u t i o n  ([9], p. 173) pl(u).  Then,  fo r  
and  F,  i t  can  be shown tha t  t h e r e  i s  a k = k ( u . ,  w, F) > 0, such  tha t  in  the i n t e r v a l  (0, u , )  the fo l lowing  

i n e q u a l i t y  i s  s a t i s f i e d :  

Pl  (u) - -  ku  ~> 0 (2.2) 

We s e l e c t  k in  such  a way  a s  to s a t i s f y  the i n e q u a l i t y  

[ - -  oo ( i  - -  Fk)  u ]  - -  0o ( i  + Fk)  u 
L ~ ~/~(1 - -  Fk) exp It -- z (t --Fk) uA +~/e (i f f - F k ) e x p  [1 -- ~ (t + Fk) u] - -  2o)k - -  k 2 > 0 (2.3) 

S ince  

L ~.~ 1/o.(1 ~ Fk) exp [-- 0o (1 -- Fk) u ] _ U _ z ( l _ F ~ ) u  j 2 o ) k - - k ~  {for ( i - -  

[ - o , . ,  ] - -  F k ) ~ 0 } ~ ( t  - -  Fk) A - -  2v ) k - - / c  2, 2A = exp [ l----~-Y~u, j 

Eq.  (2.3) ho lds  i f  k s a t i s f i e s  the equa t ion  

( 1 - -  F k ) A  - -  2o)k - -  k 2 ~ 0 (2 ~ 
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Fig .  1 

= 2  

w h e r e  

lr = _ (co + A F  / 2) q- V (~ + A F  / 2) z + A (2.5) 

is  i t s  pos i t i ve  r o o t .  We s h a l l  show tha t  Eq.  (2.2) i s  s a t i s f i e d  with  
th i s  k .  We r e w r i t e  Eq.  (2.4) in the f o r m  

[k z + r - -  11 + [(~o + AF)k  -}- (l  - -  A)I = 0 

We a s s u m e  tha t  k ~ M ,  so  tha t  on the s t r e n g t h  of (2.1), the e x -  
p r e s s i o n  in  the f i r s t  b r a c k e t s  i s  non-nega t ive  and in the s e c o n d  
b r a c k e t s  i s  p o s i t i v e ,  which  m e a n s  tha t  the l e f t -hand  p a r t  is  s t r i c t l y  
p o s i t i v e ;  b u t  th is  i s  i m p o s s i b l e ,  c o n s e q u e n t l y ,  k<~�94 T h e r e f o r e ,  
(2.2) i s  s a t i s f i e d  in the v i c i n i t y  of u = 0. I f  i t  i s  a s s u m e d  tha t  for  
s o m e  0 < u 0 < u , ,  the e q u a l i t y  

Pi (Uo) - -  kuo = 0 

h o l d s ,  then ,  a t  the po in t  u0 i t  fo l lows  tha t  

dpl __ 6) (,a), p, (u.)) o) [p~(u,)=;~u, ~ k 
du pi (no) 

which  i s  i m p o s s i b l e ,  s i nce  the l a t t e r  i nequa l i t y  v i o l a t e s  (2.3). 

Resu l t .  As u ~ u ,  the  po in t  of  the i n t e g r a l  c u r v e  (u, Pl (u)) a p p r o a c h e s  wi thout  l i m i t  to the l ine  u + 
F p  = (r -1 (Fig .  1). 

A c t u a l l y ,  pl(u) i s  e n c l o s e d  be tween  the l ines  p = 0 and u+  Fp  = (r -1, a t  which  the r i gh t -hand  p a r t  of 
(1.10) u n d e r g o e s  a d i s c o n t i n u i t y .  As u ~ u . ,  the poin t  of the i n t e g r a l  c u r v e  (u, pl(u)) shou ld  a p p r o a c h  wi th -  
out  l i m i t  to one of the g iven  l i ne s  ([9], p .  175). B e c a u s e  of (2.2), th i s  l ine  canno t  be p = 0. 

Note.  If (0, u , l )  is  a r e g i o n  of the noncont inuous  s o l u t i o n  P2(U), the e x i s t e n c e  of a n u m b e r  k 1 < 0 (for 
e x a m p l e ,  the nega t ive  r o o t  of  (2.4)) can  be d e m o n s t r a t e d  which wi l l  s a t i s f y  the  i nequa l i t y  p2{u)-klu < 0 in  
this region and at u ~ u , 1  the point of the integral curve (u, p2(u)) approaches without limit to the line u-- 
Fp = (r -1 (Fig. 1). 

We shall study the behavior of the function 5 at the solution pl(u). Since 5(0, pl(O)) = O, and 

dO O0 0(19 dp, I ~ t '  
du ~--- ~ q- Opl du u=o 

@ is  p o s i t i v e  in  the v i c i n i t y  of  u = 0. 
n e c e s s a r y  tha t  

L e t @ > 0 a t 0  < u <  u o a n d r  0 ,pl0)  = 0 , p l 0  =p l (uo) .  Then,  i t  i s  

d~du u=u ~ O 

It  i s  e v i d e n t  tha t  

aO J __ O,(uo-}- Fpio) ~ex~  [ ~.O_2,(uo-}- Fpw) 
--~-u ( u ~ 1 7 6  t [ t - - z (u~+ Fplo)]2} e [i--~(uo-l-Fp~o) ]j 2 + 1  

We r e w r i t e  the e x p r e s s i o n  on the r i gh t -hand  s ide  of  the i n e q u a l i t y  in the f o r m  

(2.6) 

~= 
( ~ ) = 1 - ( ~ r  r  e x p ( - ; )  

O~ (uo + F p,o) 0 < u o + Y p~o < z -1, 0 < ~ < 
i --~(uo~Fp M ' 

The va lue  (~) is non-nega t ive ,  if 

o r  

inf qo = 1 - -  (@ + l )  e -~ > 0 
5 > 0  

~ 1/4 (e ~ - -  t) ~ 1.597 
(2.7) 
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4 

I - l / to  

Fig .  2 

It i s  a l s o  e v i d e n t  t ha t  

2. 00 -- Oo(uo + Ypio) ] 
t~ Op (uo' PlO) < {t - -  Oo (uo + Fp,.) [t - -  ~ (uo + Fp~o)p~ exp I 1----~(uo +-P~o)j - -  1 

We r e p r e s e n t  the  r i gh t -hand  p a r t  of th i s  i n e q u a l i t y  in  the f o r m  

(~) = - - l - -  ( ~ +  { - -  i) e x p ( - -  ~) = ~ 0 ( ~ ) - - 2  

It  is  not d i f f i cu l t  to v e r i f y  tha t  r < 0 fo r  ~ > 0. Thus ,  i f  B 
s a t i s f i e s  the  cond i t ion  (2 .7) ,  then 

00 O@ 
o~ (Uo, plo) > o, < o (u0, P~o) 

Considering that 

we ob t a in  

~P'--(Uo) = - ~o 

Since  th i s  i n e q u a l i t y  v i o l a t e s  (2.6) t h i s  i n d i c a t e s  tha t  when s a t i s f y i n g  the cond i t i on  (2.7) ~ (u, Pl) c an -  
not  be  r e d u c e d  to z e r o .  I t  is  shown a n a l o g o u s l y  tha t  (2.7) i s  a su f f i c i e n t  cond i t i on  for  the p o s i t i v i t y  of  @ in 
the s o l u t i o n  p2(u). The func t ion  ~ i s  not  nega t ive  in  a p h y s i c a l  s e n s e .  T h e r e f o r e ,  we s h a l l  h e n c e f o r t h ,  a s -  
s u m e  tha t /~  s a t i s f i e s  the cond i t i on  (2.7). The p h y s i c a l  r e s t r i c t i o n  (2.7) i s  a lways  s a t i s f i e d  s i n c e  /3 < 1. 

P r o p o s i t i o n  2. If (0, u . )  i s  the r e g i o n  of  the noncont inuous  s o l u t i o n  Pl(U), t hen  u ,  -> 0.5 o --1. 

Cn the  s t r e n g t h  of  the r e s u l t  of  p r o p o s i t i o n  1 

lira (u + Fpl  ) = ~-z 
u ~ l t ,  

o r  

Since 

it fo l lows  tha t  

l im Fp~ = ~-i _ u ,  
I t ~ u ,  

' F, " x [ - O ~  ] tim (u -p ,p~) e P[ i - -Z - -~T-P-~ ]  = 0  
u ~ u ,  

I -  Oo ~ .  - o.5~-,)] 
l im (D = (u, - -  O. 5~ -i) exp t -- ~u, J 

u ~ u ,  

If i t  i s  a s s u m e d  tha t  u .  < 0.5 ~-1, then ,  as  s e e n  f r o m t h e  l a t t e r  e x p r e s s i o n ,  an  a r e a  a r o u n d  the po in t  
u = u ,  i s  found in which  @ wi l l  be  n e g a t i v e ,  bu t  th is  is  i m p o s s i b l e  b e c a u s e  ~(u ,  Pl) > 0. 

Note .  If (0, u . l )  i s  the r e g i o n  of the noncont inuous  so lu t i on  P2(U) i t  can  be shown tha t  u ,1  -> 0.5 ~r "a. 

Resul t~  F o r  any F > 0, t h e r e  e x i s t s  a unique r > 0, fo r  which  a so lu t i on  of  Eq .  (1.10) s a t i s f i e s  the 
c ond i t i ons  (1.11) and (1.12) i f  

0.5 a -i > 8 (2.8) 

The proof is conducted by the method of Ya. B. Zel'dovich [10]. We shall designate the solution of 
(1.10) with the condition (1.11) as p~(u), where 0 < u < ~. On the strength of Proposition 2 and (2.8), u,  ->5, 
so that the following limits make sense: 

limpid(u) = pj~.(e), ] = t ,  2 
u ~  

Since ~ is  p o s i t i v e ,  Ple(~) > 0 and P2e (~) < 0 a t  w = 0. We s h a l l  i n t r o d u c e  into the e x a m i n a t i o n  of  the 
d e r i v a t i v e  of the s o l u t i o n  p (now e i t h e r  Pie o r  P2~) 
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op (o), u) 
q =  0o~ 

Since p(co, 0) = 0, then  q(0) = 0. The equa t ion  fo r  q is  ob ta ined  by  d i f f e r e n t i a t i n g  (1.10) wi th  r e s p e c t  

to co 

d~'-7 = q -@p - -  t 

wh i l e  i t s  so lu t ion ,  t ak ing  into a c c o u n t  the  cond i t i on  a t  u = 0, ha s  the f o r m  

u i t  r 

q _ _ _ e x p (  ~ 0 (1) ' 

0 0 0 

I t  fo l lows f r o m  th is  tha t  q i s  n e g a t i v e .  
(0, 1) a r e  

= l~p)~ (u ) ,  , 

P: t P; ,  (~) - ~ (u - 8), 

w h e r e  

Since 

The s o l u t i o n s  of  (1.10) wi th  the cond i t i on  (1.11) in  the r e g i o n  

0 < ~ < 8  

e ~ u < l  

p j  ( o ,  t )  = p j ,  ( ~ ,  8)  - ~ ( i  - 8) 

dpj (o), 1) 
d(o = qj (8) - -  (t - -  e) < " (1 - -  8) 

pj(co, 1) d e c r e a s e s  m o n o t o n i c a l l y ,  and  wi thout  l i m i t  wi th  a n  i n c r e a s e  in  co. Since  

p~ (0, i )  = p ~  (0, 8 ) =  - p~, ( 0 ,  8) = - p~ (o, 1 ) >  0 

(Fig. 2, curves 1 and 2), p2(w, i) remains negative with an increase in co, while for some unique co, Pl(co, I) 

is reduced to zero (Fig. 2, cut,yes 3 and 4). Considering that e~l, we can represent the function (2.8) in 

the form of an approximate inequality (r _< 0.5. 

We shall now examine the case when 

(2.9) 
0.5 a - 1 < s  

Suppose (0, u,i)  is the region of the noncontinuous solution P2(U). Since as u ~ u , l  the point (u, P2(U)) ' 
approaches without l imit  to the line u--Fp = ~-I,  then 2~en 

u,1-- Fp2 ((o, u,1 ) = ~-i p~ (% u,1) = lira p, (o), u) (2.10) 
M~M~ 

C o n s i d e r i n g  u ,1  a s  a funct ion  of  co, a f t e r  d i f f e r e n t i a t i n g  (2.10) wi th  r e s p e c t  to co, we f ind 

dU,,do} = Fq~ (u,1) [ l -  F ~ (u,1)] -1 < 0  (2.11) 

s i n c e  q2(u,1) < 0 and t~2(u,1) < 0. The i nequ a l i t y  (2.11) m e a n s  tha t  u ,1  f a l l s  off m o n o t o n i c a l l y  wi th  a n  in -  
c r e a s e  in  w. If u , 1  < e a t  co = 0, then ,  on the b a s i s  of (2.11) the i n e q u a l i t y  i s  a l s o  r e t a i n e d  fo r  w > 0. In 
th i s  c a s e ,  the s o l u t i o n  P2(U) does  not  e x i s t  in  the r e g i o n  (0, 1). If  U . l  > ~ a t  w = 0, then ,  a s  a l r e a d y  shown,  
p2(w, 1) d e c r e a s e s  m o n o t o n i c a l l y  wi th  i n c r e a s i n g  w and r e m a i n i n g  nega t ive  a s  long a s  u ,1  < e does  not  
o c c u r .  Thus ,  i t  i s  p r o v e n  t h a t  fo r  any co, e i t h e r  P2(U) does  not e x i s t  a t  (0, 1) o r  P2(co, 1) is nega t i ve .  T h e r e -  
f o r e ,  we s h a l l  r e s t r i c t  the f u r t h e r  e x a m i n a t i o n  to the s o l u t i o n  Pl(U). 

P r o p o s i t i o n  3. F o r  any F ,  an  co can  be  found such  tha t  a s o l u t i o n  Pl{U) wi l l  e x i s t  in  the  r e g i o n  (0, 1). 

F o r  p r o o f  i t  i s  n e c e s s a r y  to d e m o n s t r a t e  the e x i s t e n c e  of  an  co, such  tha t  u ,  -> e .  I t  i s  e v ide n t  tha t  

max (D ~ max Iy exp {-- 0oy ~] 2 exp(  --2 ) = (1)m 
o<~<~ ~>o \ i - - : - ~ ] j  0o (~ + 2p + V ~  ~ + V ~  
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The solution of the equation 

dpa r (2.12) 
. . . .  o, Pa (0) = 0 du pa 

h a s  t he  u p p e r  l i m i t  Pi(U) ([11], p. 268).  I t  i s  no t  d i f f i c u l t  to s h o w  

t h a t  Pa < ~m ~co, w h i c h  m e a n s  t h a t  IDa < ~ m / c o "  We s e l e c t  co in  

s u c h  a w a y  t h a t  p = Ore/co and  u = e i n t e r s e c t  a t  a p o i n t  not  

h i g h e r  t h a n  the  p o i n t  o f  i n t e r s e c t i o n  o f  the  l i n e s  u = ~ and u + 

Fp  = cr -1. F o r  t h i s ,  i t  i s  n e c e s s a r y  t h a t  

a~m/co < F -~ (a-* - -  ~) 

co ~> F O ~  a ( l  - -  a~) -~ 

F o r  s u c h  an  co in  the  r e g i o n  (0, e) the  p o i n t  (u, Pl(U)) c a n  a p p r o a c h  w i t h o u t  l i m i t  to the  l i ne  u + Fp  = 

c~ -~ w i t h  t h e  c o n d i t i o n  t h a t  t h e  i n t e g r a l  c u r v e  pl(u) and t h e  l i n e  p =  5m/W i n t e r s e c t .  But  t h i s  i s  i m p o s s i b l e ,  
w h i c h  m e a n s  t h a t  u .  - e .  

Note. On the basis of Proposition 3 a solution l~(U) can always be constructed in the region (0, I).  If 
Pl(co, 1) > 0, then, condition (1.12) can always be satisfied by increasing co. If Pl(co, 1) < 0, it is natural to 
decrease co. However, the case is possible, where ple(u) reaches the line u + Fp = cr -~ before Pl(co, 1) is re-  
duced to zero. In other words, the ease is possible, where co cannot be taken so that either u .  < ~, or 
~(co, 1) < 0, i .e. ,  an co does not exist for which Pl(co, 1) = 0o Since the inequality (2.2) is of interest  only 
within the limits of the region (0, ~), from now on, we shall assume that in (2.5) 

exp [ -- 00e, \ 2A = \ t  - - 7 ~ )  

We s h a l l  d e m o n s t r a t e  the  e x i s t e n c e  of  an  F t ,  s u c h  t h a t  f o r  a n y  F _< F 1 t h e r e  is  a un ique  co, f o r  w h i c h  

the  s o l u t i o n  o f  E q .  (1.10) s a t i s f i e s  the  c o n d i t i o n s  (1.11) and  (1.12).  L e t  us  e x a m i n e  the s y s t e m  

do m 
o = F- i  ( ~ - l -  e) ( 2 . 1 3 )  

k8 - -  (o (i - -  e) ~ 0  (2.14) 

and  i t s  s o l u t i o n  

o = Fco~ a (l - -  a s ) - '  

F ~ (t - -  ae)eA'/, { ~  a (1 - -  e) [ 0  m a (1 q- e) q- Ae (t - -  ae)]}-'/, = F ,  

I n  realizing (2.13), the function Pl(u) exists in all of the region 0 < u < I .  In light of (2.2), it  follows 
from (2.14) that 

p~, (co, e) - ,o ( t  - -  ~) > 0 
o r  

Pl (o~, i) ~ 0 

By increasing co, one can satisfy (1.12) at some unique co. 

We now demonstrate the existence of an F 2, such that if F -> F 2, a solution of Eq. (1.10) satisfying the 
conditions (1.11) and (1.12) does not exist for any co. Let us examine the system 

(2.15) 

F k e  - -  (0 -I  - e) > 0 ( 2 . 1 6 )  

which for condition (2.9) has the solution 
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R e a l i z a t i o n  of  the i n e q u a l i t y  (2.16) shows  tha t  the s t r a i g h t  l i n e s  p = ku and u = e i n t e r s e c t  a t  a po in t  
not  ly ing  be low the  l ine  u + F p  = - I  (F ig .  3)~ This  m e a n s  tha t  u ,  < 8 �9 With an i n c r e a s e  in co, one cou ld  
r e a c h  a poin t  w h e r e  u .  - 8 (see P r o p o s i t i o n  3), i . e . ,  a p o s i t i o n  such  tha t  Pie (8) _< F -I  ( a - l - - e ) ,  bu t  in th i s  
c a s e ,  w ( 1 - e )  > F -1 (or- i -  8) and P i e ( e ) - w ( 1 - - 8 )  < 0. The s i t ua t i on  a r i s e s  which was  spoken  of in  the note 
to P r o p o s i t i o n  3. Since  the va lue  of  e i s  c l o s e  to uni ty ,  we s h a l l  subs t i t u t e  the i n e q u a l i t y  ~ > 0.5. 

Suppose  the s e t  {F1} is such  tha t ,  i f  F E {F1}, then ,  fo r  i t  t h e r e  e x i s t s  a unique w fo r  which  the s o l u -  
t ion  (1.10) s a t i s f i e s  the cond i t ions  (1.11) and (1.12).* In view of  the e x i s t e n c e  of  F 2 the s e t  {F1} is bounded  
f r o m  above ,  and  c o n s e q u e n t l y ,  has  a p r e c i s e  uppe r  bound~ We s h a l l  c a l l  F .  = sup  {Fi} the c r i t i c a l  va lue ;  
i t  d e t e r m i n e s  the l i m i t  of  p r o p a g a t i o n  of  a t u r b u l e n t  f lame~ 

T h e r e f o r e ,  as  a r e s u l t  of the a n a l y s i s ,  we ob t a in  the fo l lowing:  

1) ~ is  nonnega t ive ,  i f /3 _< 0.25 (e 2 - 1 )  ~ 1.597; 

2) the p r o b l e m  of  d e t e r m i n i n g  the r a t e  of bu rn ing  has  a unique s o l u t i o n  fo r  any  F,  when 0 _< ~ _< 0.5; 
fo r  0.5 < ~ < 1 the s o l u t i o n  e x i s t s  only  for  0 _< F < F . ,  w h e r e  F .  = sup  {F t} .  

3 .  A n a l y s i s  o f  R e s u l t s  

C o m p u t a t i o n s  w e r e  made  of  the p r o b l e m  (1.10)-(1o12) on a c o m p u t e r  in o r d e r  to c a l c u l a t e  the quan t i -  
t a t i ve  c h a r a c t e r i s t i c s  of  t u r b u l e n t  b u r n i n g  and the s t r u c t u r e  of  the f l ame  f ron t .  The r a n g e  of  v a r i a t i o n  of  
the p a r a m e t e r s  is  

6 ~ 0 0 ~ 1 4 ,  0 ~  a ~ 0 . 9 ,  0 ~  ~ 0 . i 5  

F o r  0 _< cr ~ 0.5, 0 _< F < 0% whi le  the  l i m i t i n g  v a l u e s  of  F ,  w e r e s o u g h t  fo r  (r > 0.5.  

I n t e g r a l  c u r v e s  of p(u) and  funct ions  of  the v a r i a t i o n  in  h e a t  r e l e a s e  ~(u) a t  00 = 10, /3 = 0, and e = 
0.95 fo r  d i f f e r e n t  v a l u e s  of  F a r e  p r e s e n t e d  in F ig .  4. C u r v e s  1, 2, 3, and 4 c o r r e s p o n d  to p(u) wi th  d i f -  
f e r e n t  va lue s  of  F: F = 3, 5, 10, and 20, whi le  c u r v e s  5, 6, 7, and 8 c o r r e s p o n d  to O(u) wi th  the s a m e  v a l u e s  
of  F.  In c o n t r a s t  to a l a m i n a r  f l a m e  ( F  = 0), a t u r b u l e n t  f l a m e  (F ~ 0) i s  expanded  (the m a x i m u m  g r a d i e n t  
Pm d e c r e a s e s  with a g rowth  in F) ,  wh i l e  the m a x i m u m  a v e r a g e d  h e a t  r e l e a s e  i s  s i g n i f i c a n t l y  sh i f t ed  in the 
d i r e c t i o n  of  the i n i t i a l  t e m p e r a t u r e .  

The r e a c t i o n  p r o c e e d s  n e a r  the i n i t i a l  t e m p e r a t u r e ,  and the p r e h e a t i n g  zone in a t u r b u l e n t  f l a m e  i s  
f a r  n a r r o w e r  than  the r e a c t i o n  zone .  Th i s  is  s e e n  f r o m  Fig .  5, in which  the d i s t r i b u t i o n s  of  t e m p e r a t u r e  u 
and h e a t  r e l e a s e  5 a r e  g iven  a s  func t ions  of  ~ (for F = 0 and F = 10, 00 = 10, /~ = 0). (The o r i g i n  of the r e a d -  
ing in  F ig .  5 is  conven t iona l ,  s i n c e  Eq. (1.1) i s  i n v a r i a n t  r e l a t i v e  to the t r a n s f o r m a t i o n  ~ • cons t . )  

A s y m p t o t i c  b e h a v i o r  of Om is  o b s e r v e d  for  F > 4. The  v a r i a t i o n  func t ions  of  the c h a r a c t e r i s t i c  
v a l u e s  of  b u r n i n g :  Pro, ~ m ,  and t h e i r  l o c a t i o n s  Up and uo  a r e  shown in F ig .  6 a long  with  the p r o p a g a t i o n  
r a t e  wl a s  a func t ion  of F .  Ana logous  q u a l i t a t i v e  r e s u l t s  w e r e  ob ta ined  a l s o  fo r  cr ~ 0. 

*It can be shown that {FI} as a set on the numerical axis is connected. 
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/ 

r 0 

F i g .  6 

0.7 

0.9 

6 

i4 

6 

14 

10.5 

i4 

5.25 

8.25 

if0 

i96 

27.6 

68.i 

5.i7 

i .92 

i . t i  

0.6i 

0.2168 

0.0984 

0.2004 

0.0948 

0.4490 

0.2336 

0.2772 

0.t581 

We s h a l l  m a k e  an  e s t i m a t e  of  the p r o p a g a t i o n  r a t e  of  a 
f l a m e  wl fo r  F >> 1 and 00 >> 1. In th is  c a s e ,  in the v i c i n i t y  of u, 
c l o s e  to the cut -off  p a r a m e t e r  ~, u + Fp ~ ~- i ,  so tha t  ~ can  be 
d e t e r m i n e d  by  the a p p r o x i m a t i v e  e q u a l i t y  

-- 00 (~ -- Fp) ] p > 0 (3.1) 
2 ~ ) = ( u - - F p ) e x p  t - - z ( u - - F p )  ' 

H e n c e ,  i t  fo l lows  tha t  ~ m  i s  a t t a i n e d  a t  

(u - -  Fp),, = 20s 1 (i § 2~ + V i -~ 4~) -z (3.2) 

and  i s  equa l  to ha l f  the @m fo r  l a m i n a r  bu rn ing  

--2 ) 
d ) , , - 0 o - z ( i § 2 4 7  i + ) f ~  (3.3) 

Since fo r  F >> 1 the  m a x i m a  Pm and @m a p p r o a c h  each  o t h e r  a s y m p t o t i c a l l y  (F ig .  6), whi le  u - - ~ ,  i t  
fo l lows  f r o m  (1.10) t ak ing  (3.2) and (3.3) into a c c o u n t  tha t :  

- -2  
(ol (F ~ 1) = F [0oe (l + 2~ § V 1 § @) - -  21-z exp (1 + V'T-+-~' ) (3.4) 

F o r  e x a m p l e ,  fo r  00 = 10, fi = 0, ~ = 0.95,  and F = 26 fo r  (3.4), we ob t a in  wl = 0.564, whi le  a c a l c u l a -  
t i on  on the c o m p u t e r  g i v e s  wl = 0.590 (about  5% d i s a g r e e m e n t ) .  

On the b a s i s  of  an  a n a l y s i s  of  the m u l t i p l e  v a r i a n t s  of the c a l c u l a t i o n ,  i t  was  e s t a b l i s h e d  tha t  fo r  
F -> 5, wl i s  r e p r e s e n t e d  by  the l i n e a r  depende nc e  wl = N + MF,  wi th  a n  e r r o r  no w o r s e  than  1%, w h e r e  N 
and M a r e  func t ions  of  00 and or. 

In p h y s i c a l  v a r i a b l e s  the k i n e t i c  p r o p a g a t i o n  r a t e  of a f l a m e  i s  w r i t t e n  in the f o r m  

N V li V ~  M l,wn 2 (3 .5)  
w l  = - -  i § wo (90 a0 (00 ~ a0 

F o r  F > 5, 71/~- + > 25, t h e r e f o r e ,  k e e p i n g  in mind  the r e l a y  m e c h a n i s m  of  the t r a n s m i s s i o n  of b u r n -  
ing [7], we ob t a in  

- -  ~- )  V Zl V---,/)'2' WO ~" 21//)02" (3 o6 ) 
w ~ = V - w ' ~ +  t +  ~o § O)o'- ~o 

H e r e ,  w E i s  the to ta l  p r o p a g a t i o n  r a t e  of the f l a m e ,  and  N/wo and M/co02 a r e  func t ions  of  00 and or. 
The i n t e r p o l a t i o n  equa t ion  (3.6) l i n e a r l y  "un i f i e s "  the e a r l i e r  known m e c h a m s m s  of  bu rn ing :  the f i r s t  t e r m  
g i v e s  the c o n t r i b u t i o n  of the  s u r f a c e  m o d e l  [7], the s e c o n d  g i v e s  tha t  of the v o l u m e t r i c  m o d e l  [5], and the 
t h i r d  the m i c r o v o l u m e t r i c  [5] o r  focus  m o d e l  [12]. F o r  F >> 1 and ~ ~ 0.5 bu rn ing  t a k e s  p l ace  m a i n l y  by  
the m i c r o v o l u m e t r i c  m e c h a n i s m .  

The l i m i t i n g  v a l u e s  of F .  and  w ,  a s  we l l  a s  the p a r a m e t e r s  ~ l /~+  and ~l/T0 a r e  found for  0.7 s cr _< 
0.9 (Table  1). T h e i r  v a l u e s  depend  on the k i n e t i c s  of the c h e m i c a l  r e a c t i o n .  

In c o n c l u s i o n ,  we note tha t  the s t a b i l i t y  of the t u r b u l e n t  b u r n i n g  mode l  unde r  e x a m i n a t i o n  was  not  
s t u d i e d  in th is  w o r k .  I t  is  p o s s i b l e  tha t  in the r e g i o n  0 _< ~ _< 0.5 the r e q u i r e m e n t  of s t a b i l i t y  s e t s  a l i m i t  
on. the parameter F. 
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4 .  A l g o r i t h m  f o r  C a l c u l a t i n g  co 

If co sa t i s f i es  the equation 

Orn / fO - -  fO (t - -  e) = 0 

then, f rom the inequality p l r  < 0, we have 

(4~ 

p,(fO, t ) = p , E ( ~ ,  e) - -  co ( l  - -  8) < 0 

and, consequently,  the solution of (4.1) gives the upper  boundary of the in terva l  for  the root  of the equation 

pl (o, t) = 0 (4.2) 

The des i r ed  co is included within the l imi t s  0 < w < 4 ~m/ (1 - -  ~). The roo t  of Eq. (4.2) is found by the 
method of equal part i t ion.  Suppose that in the s-th s tep  the in te rva l  (co~, w~) containing the root  of (4.2) is 
obtained. Then 

~§ [ p, (u, t) < 0 (oA , ~+1) = (foA s, ~), if 

t(~, foBS), if u. < e or p,(u, 1) > 0  
" a = 0 . 5  (foA s ~- fOBS ) 

Equation (1.10) is solved by the method of d i f fe rences .  The calculat ion leads to the rea l iza t ion  of the 
inequality 

fOb ~ - -  fOff < 5 ( 4 . 3 )  

In all the calculations it was assumed that 5 = 10-4o If the inequality (4.3) is satisfied and l~ ( ~ ,  I) > 
0, Pl (w~, 1) < 0, then, it is assumed that F < F , ,  while if (4.3) is satisfied, and PI~ (w~, u) extending up to 
u . <  a, then, F > F . .  
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